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Abstract. We generalize a previous result concerning free martingale polynomials for 
the stationary free Jacobi process of parameters A £]0.1],& — 1/2. Hopelessly, apart 
from the case A = 1, the polynomials we derive are no longer orthogonal with respect 
to the spectral measure. As a matter of fact, we use the multiplicative renormaliza- 
tion method to write down its corresponding orthogonal polynomials as well as the 
orthogonality measure associated with the martingale polynomials. We finally give a 
realization of the spectral measure of the free stationary Jacobi process by means of 
the corresponding one mode interacting Fock space. 

1. Preliminaries 

Let {£/, (f)) a W*-non commutative probability space. Easily speaking, £/ is a unital 
von Neumann algebra and (/> is a tracial faithful linear functional (state). In a previous 
work (^), we defined, via matrix theory, and studied a two parameters-dependent self- 
adjoint free process, called free Jacobi process. Our focus will be on a particular case 
called the stationary Jacobi process since its spectral distribution does not depend on 
time. It is defined as Jt := PUYtQY^*U*P where 

• (lt)t>o is a free multiplicative Brownian motion (see |^). 

• [/ is a Haar unitary operator in (^, <I>). 

• P is a projection with <I>(P) = X9 <1, 9 g]0, 1]. 

• Q is a projection with ^{Q) = 0. 

• Lji- \ Q if A > 1 

• {U, U*} and {P, Q} are free (see [12] for freeness). 

Thus the process takes values in the compressed space {P£/P, {l/cj}{P))(f)). The spectral 
distribution has the following decomposition : 



fi\fi{dx) = 1^^- ^f^-^ _ —\x.,x+]{x)dx + aQ5Q{dx) + ai6i{dx) 

where 6y stands for the Dirac mass at y with corresponding weight ay, y €z {0, 1} and 
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x± = ^/e{l - Xe) ± ^/X9{l 
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Its Cauchy transform writes 

(1) . (2-(l/A.)). + (VA-_l)W^.^-B. + C ^ ^^^^ 

with A = 1/(A0)2, B = 2((1/A0)(1 + 1/A) - 2/A) et C = (1 - 1/Xf. It was shown in 
that if A g]0, 1], 1/9 > A + 1 then the process is injective in P^P, that is oq = oi = 0. 
Moreover, fJ'i^i/2idx) fits the Beta distribution B{l/2, 1/2): 

7Ty/x[l — X) 

Recall that the Tchebycheff polynomials of the first kind are defined by 

Tn{x) = cos(n arccos x), n > 0, |x| < 1. 

and that they are orthogonal with respect to /^i, 1/2(^^2;). Their generating function is 
given by: 

= = TT—^: \u\<l. 

^-^ 1 — lux + 

n>0 

In [H], we proved that for r > 

g{re\Jt) = ((1 + re*)P - 2e* Jt)((l + re*)2p - 4re* Jt)"\ t < - Inr 

defines a free martingale with respect to the natural filtration of J, say the unit of 
the compressed space being the projection P. It follows that (e"*r„(2Jt - P))t>o, n > 1 
is a family of free martingale polynomials. Note also that 

hire', Jt) := 2g{re\ Jt) - P = \ J (P - Jt)'' 

1 — re* 4re* i 

= 1 + re* ^ ~ (l + re*)2 *^ 
= (1 - (re*)2)(P - 2re*(2Jt - P) + (re*)^)-^ 

is also a free martingale. Let Un denote the n-th Tchebycheff polynomial of the second 
kind defined by 

/ N sinfn + l)a ^ 

C/„(cosq) = — ^ —, aGM 

sma 

with generating function given by 

Vf/„(x)n" = - TT-—^, |x|<l, |n|<l. 

^-^ I — lux + 

n>0 

Then, one deduces either from the above generating function or from the relation 
2Tn = Un- Un-2,U-i := that {M," := e"*(C/„ - C/„-2)(2Jt - P), n > l}t>o is a 
family of free martingale polynomials. The aim of this work is to extend this claim 
to the range 9 = 1/2, A g]0, 1]. The motivation originates from [TU] where the author 
determines the family of orthogonal polynomials with respect to Hx^e- Our first guess 
was that these will be free martingales polynomials for all A g]0, 1], 9 < 1/(A + 1). Yet, 
things turn to be more complicated: not only the range is restricted but the martingale 
polynomials we derive are not orthogonal with respect to f^x,i/2 except for A = 1. As 
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a matter of fact, we will on one hand derive the orthogonal polynomials corresponding 
to A'A.i/2 and compute on the other hand the appropriate orthogonality measure for our 
martingales polynomials. The last part of the paper is devoted to a realization of the 
free stationary Jacobi process using the Accardi-Bozejko isomorphism (see [I]) as well 
as some comments. 

Remark. From a matrix theory point of view, the choice 6 = 1/2 correponds to the ultra- 
spherical multivariate Beta distribution (see [8j). Moreover, to our level of Knowledge, 
there is only one result concerning martingale polynomials for the stationary (classical) 
Jacobi process, which is restricted to the one dimensional case. More precisely, pick 
a vector (xi, . . . , x^) belonging to the sphere S'^~^,d > 2 distributed according to the 
uniform (Haar) measure, then form the discrete process defined by 

p 

Sp = ^a;^, 1 < p < d — 1. 

i=0 

It is a known that each random variable has the Beta distribution B{{d — p/2),p/2). It 
was shown in that 

^^"""= ((.-p)/2)/ "'''^''^-'>- 

where P"'^ denotes the n-th Jacobi polynomial of parameters a = {d — p)/2 — 1, P = 
(p/2) — 1, is a martingale with respect to the natural filtration of the process. To relate 
this to our work, we rewrite Sp in the matrix form 

sp = PiUdQpU^Pu 

where Ud is a d x d Haar unitary matrix. Pi is a d x d projection with only one non 
vanishing coefficient (i-i)ii = 1 and Qp is a d x d projection with only p non vanishing 
term {Qp)u = ■ ■ ■ = {Qp)pp = 1. For d = 2p, we get the ultraspherical polynomials of 
parameter X = {p — l)/2. 

2. Main result 

One has for A G]0,1], 9 = 1/2 
IV2-X VX\^ 

X- 

and our main result is stated as follows: 
Proposition 2.1. Set 

a( A) = — , Xt\ = — , 

7a(2^' ^JW^) 

For each n>l, the process defined by 

(t \^ 




is a {^t)-ffGS martingale. 
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3. Proof of the main result 

The proof consists of two parts: the first one consists in deriving a martingale function 
for all values of A s]0, 1],6 < 1/2 < 1/(A+1). In the second one, we specialize for 6 = 1/2 
and show that this function correponds to the generating function of the polynomials 
stated above. 

First step: inspired by the above expression of h{re* , Jt), we will look for martingales of 
the form 

Rt := Kt{P - ZtJt)-^ = KtY^ Z^J^ := KtHt 

n>0 

where K, Z are differentiable functions of the variable t lying in some interval [0, to[ such 
that < < 1 for t G [0, to[. The finite variation part of dRt is given by 

FV{dRt) = K[Htdt + KtFV{dHt) 

Our main tool is the free stochastic calculus and more precisely the free stochastic 
differential equation already set for J", n > 1 ([8]): 

n-1 

= dMt + n{eP - Jt)Jr^dt + XeY^ Amn-i{P - Jt)^-^ + (^n-Z-i - mn-i)Jl)]dt 

1=1 

where dM stands for the martingale part and rrin is the n-th moment of Jt in Ps^ P: 



1 

4>ipy 



The finite variation part FV{dJ^) of J" transforms to: 



n— 1 n—1 



dt 



.1=1 1=1 

n—1 n 

n{eP - Jt)Jr^dt + \eY, Imn-iJt^ + - l)(m„-i - 2mn-i+i)Jt^dt 

1=1 1=1 

n 

{9P - Jt)Jt'^dt + A0^[/m„_, + (/ - l){mn-i - 2mn-i+i)\ff^dt - nXOIl^-^dt 
1=1 

n 

e{l - X)Jl'-Ut - nJ^dt + X9j2['mn-i + 2{l - l)(m„_, - mn-i+i)]Jt^dt 



1=1 
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Thus 

FV{dHt) = ^ nZ'.Zr'jrdt + ^ ZtFV{Jn 

n>l n>l 

= nZ'tZ]}-^J^dt - nZ^ J^dt + e{l - A) ^ nZ^ Jj^'^dt 

n>l n>0 n>l 

n n 

+ XeYY. Zrmn^iJt^dt + 2X9 Y - ^)Zti^n-i - mn-i+i)]Jt'dt 

n>l 1=1 n>l 1=1 

= Y n[ZlZr' - ZrWdt + 9{1 - A) ^^(n + l)Z^+^J^dt 



n>l 



n>0 



n+l+l 
t 



m. 



Jidt + 2XeYYl lZ^^^^\mn - mn+i)]Jldt 



n>0 l>0 



n>0 l>0 



= [Z'jZt -1 + 9(1- X)Zt] Y nZj^J^dt + 9(1 - X)Zt ^ Jf 

+ X9Y Zl^^^n E zUldt + 2X9 Y Zl^\mn - mn+i)] E IzUldt 

n>0 «>0 n>0 «>0 

Recall that the Cauchy transform of a measure on the real line is defined by 



G,{z)= [ -^„(dx) = Y^ [ ^Md- 



for some values of z for which both the integral and the infinite sum make sense. Then, 
since < Z < 1 and fix^ is supported in [0, 1], it is easy to see that 



Y Z'^^^{mn - mn+i) 



n>0 



Zt 



1 - I G^,. (^1+1 



Zt 



with G^j^ g given by ([T]) . This gives 



2X9{l-z)G^,Jz 



[1 - 2X9)z - 9{1 - A) - _ (\efBz + {X9fC 



so that 



2A0(1 - Z^^)G^,^^^{Z^^) + 2X9 = 1- 9{1 - X)Zt - ^1 - {X9fBZt + {X9yCZt 
We finally get: 



FV{dHt) = [Z'jZt - y 1 - {X9YBZt + {X9YCZ'^] ^ nZJ^J^'dt 



n>l 



X9G 



Ma, 6) 



+ 9{1 - X)Zt 



Y.^tJ?dt 



n>0 



In order to derive free martingales, we shall pick Z such that Z[ = Zt\/l — {X9)'^BZt + {X9)'^C Zf. 
This shows that Z is an increasing function and one can solve the above non linear dif- 
ferential equation as follows: use the variables change u = Zt, t < to, then integrate to 
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get : 

du 



Iiz 



hzoM u^l - 20{l + A - 2\e)u + (0(1 - A))2n2 

Remark. Let ci = 29{l + \-2\9),C2 = 9'^{l-Xf. Then, the function u ^ l-ciu + C2V?' 
is decreasing for u g]0, 1[: in fact, 

2c2U - ci < 2c2 - ci = 2^2(1 _ _ 20{i + A - 2A0) 

3^-(i + A)J =-3^<o 

which yields 1 - ciu + 02x4^ > 1 - ci + C2 = (1 - 0(1 + A))^ > 0. 

Next, use the variable change l — vu = \/\ — c\u + 02^^. This gives 

■u = —5 , au = — z — — ^5 -75 — at;, 1 — = 7^ 

— C2 (V — C2) — C2 

Moreover 

1 - Vl - C\U + 02"^^ 

1-^ ti = J U < tt < 1 

It 

is an increasing function: in fact the numerator of its derivative writes 



c\u — 202^^^ + 2(1 — c\u + C2n^) — 2\l 1 — c\u + C2U^ = (2 — citi) — 2\J 1 — ciu + C2U^ 

Since 2 - citi > 2 - ci = 2(1 - 0(1 + A)) + 4A0^ > 0, our claim follows from the fact that 
c\ - 4c2 = 16A02(1 - A0)(1 - 20) > 0. 
Finally, the integral transforms to 

2vt - ci 



2dv 
o = log 



2vo - ci 



t 



where 1 — ZfVt = Y^l — ciZt + C2Zf, 1 — ZqVq = y^l — ciZq + C2^q. Note also that 
Ci - 4c2 > implies that for all u G [Zq, Zt] C]0, 1[ 

Cl 1 — \/l ~ ClU + 02^^ Cl (1 — Clu/2) — \/l — ClU + C2U^ 



V — 



2 « 2 u 

^ (1 - cm/2)^ - (1 - cm + C2n^) ^ ^ 

^((1 — Clu/2) + s/l — ClU + C2U^) ~ 

since 1 - ci/2u > 1 - ci/2 > 0. Thus v > ci/2 > y^. 

vt = [{2vo - ci)e* + ci]/2 ^ ^l-ciZ, + C2Z2 = 1 - (2^0 " ^0^^' + 
We finally get 

4(2^0 -ci)e^* 
* ((2^o-ci)e* + ci)2-4c2' - ° 
where to is the first time such that Zt^ = 1 {2vq — ci)e*° + ci)^ — 4c2 — 4(2?;o — ci)e*o. 
Set r = r(A, 0) := {2vo - ci) and xq = e*" > 1, then t^Xq + 2(ci - 2)rxo + - 4c2 = 0. 
The discriminant equals to A = 16r^(l + C2 — ci) = 16r^(l — 0(1 + A))^. Thus 

-(ci- 2) -2(1 -0(1 + A)) 2(1-0(1 + A))+4A02-2(1-0(1 + A)) 4A02 

Xq = = = > 1 
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The last inequality follows from the fact that 1 — > 1 — 6(1 + A) >0 and from 

r - AXe"^ = 2vo - ci - AXe^ = 2{vo - 9{1 + A)) = 2{vo - y^) < 0. 

It gives to = — ln(r/4A0^). Note also that the denominator is well defined for all t < to 

since cf > 4c2 and 2vo — ci > 0. 

For the ramaining terms, we shall choose K such that 

1 



K't + Kt 



X9G^ 



+ e{i - x)Zt 







An easy computation shows that this equals to 



Kt 



6(1- A)^ + (1-26) Z,^l-c.Z, + c,Z-t 



Zt-l 



Zt-l 



Zt-l 



Remembering the choice of the function Z, this writes 



(1-26)- 



6(1 -A)- 



or equialently 



- (1 - 6 - A6)— ^ - 6(1 - X)Zt 



If Kt + 0, then 

logi^* = ^log(l-Z,)-ii:^ 
If A 7^ 1, then the last term is given by 



6(1 -A) 



/ 



ZAs 



6(1 -A) /•_(r/V^ 
\/c2 J ^ ( re* + ci 
2^2 



1 



arg tanh 



re + ci 
2v^ 



where argtanh(u) = (1/2) log((u + l)/(u — 1)), l^xl > 1. The second term writes 

Zt 4re* 4re* 



Zt-\ 4c2 + 4re* - (re* + ci)2 - + (ci - 2)2 - (re* + ci - 2)^ 



re 



1 



re 



C2 + 1 — Ci — 

2 



re + ci - 2 



C2 + 1- Cl 



^_ / re* + ci -2 Y 



(r/2Vc2 + 1 - ci)e* 



Vc2 + 1 - ci ^ / re* + ci - 2 ^ ^ 

\2^/C2 + l-Ci 



Observe that 2 - ci - re* > 2 - ci - re*" = 2(1 - 6(1 + A) > 0. Thus, if 6(1 + A) 7^ 1 



1-6(1 + A) 



f 

J Zs-l 



ds = arg tanh 



/ 2-ci-re* 
V2Vc2 + 1 - ci 
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Thus, if A ^ 1 < 1/2 < 1/(A + 1)), 



Vre* + ci - 



1/2 /o o t\ 1/2 

^ 2 — ci — 2c3 — re'^ ^ ' 
2 — ci + 2c3 — re* 



where C3 := Vc2 + 1 - ci = 1 - 6I(A + 1). Note that for A = 1,6' = 1/2, ci = 1,C2 = 
0, C3 = and 

1 — re* 

Kt = C— 7, t<to = -\nr. 

1 + re^ 

T/ie case ^ = 1/2,A/1; /ree martingales polynomials: one has 

(1 - A)^ 1-A 4re* 

Cl = 1, C2 = C3 = ^, = ^, Z, - ^ _ (1 _ A)2 

ci + 2^5^ = 2(1 + C3) - Cl = 2 - A, Cl - 2^ = 2(1 - C3) - ci = A. 
(re* - 1)2 - (1 - A)2 _ (re* + A - 2)(re* - A) 
* ~ (re* + 1)2 - (1 - A)2 ~ (re* + 2 - A)(re* + A) 
Thus, for t < -ln(r/A), 

A + re* 

so that 

^^ A-re* 4re* ^ 

* A + re*^ (re* + l)2-(l-A)2"'*^ 
= C(A - re*)(2 - A + re*)(A(2 - A)P + {re^fP - 2re*(2Jt - P))'^ 

C(A-reO(2-A + re*) / 2rr^ (2 - P) (re*f -^V' 

A(2-A) 1^ VA(2-A) VA(2-A) A(2 - A) ) 

-cil 2 ^^"-^^ ''''' - ^ f p 2re* (2J, - P) (re*)^ 

V VA(2 - A) VA(2 - A) A(2 - A) ^ 1^ ^x{2 - A) v'A(2 - A) A(2 - A) ^ 

is a free martingale with respect to the natural filtration Besides, since A g]0, 1], 
then A < ^JX{2 - A), hence (re*)/(v^A(2 - A)) < 1 for all t < -ln(r/A). Now, let us 
consider the following generating function 

1 — 2au — it^ „ 

9yu,x) = ■ — 2' < a,u < 1, \x\< 1. 

1 — 2xu + 

It follows that 

g{u,x) = Uo{x) + {Ui{x) - 2a)u + ^[C/n(x) - 2aUn-i{x) - C/„_2(x)]u" 

n>2 

Setting 

re* 

then 

Rt = C[P + ixt,x - 2a{X)P)ut,x + Y,[Un{xt,x) - 2a{\)Un-i{xt,x) - Un-2{xt,x)]ul^ 

n>2 
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Setting U-i = U-2 = 0, it can be written as 

Rt = Cj2[Un{xt,x) - 2a{X)Un-i{xt^x) - Un-2{xt,x)]ul^ 

n>0 

Remark. The case A = 1. 

ci = 46'(1 — 6), C2 = and Zt writes 

4re* 



(re* + 4e(l-0))2 



Moreover, C3 = VI - ci = (1 - 26*), 2 - 2c3 - ci = 46^2, 2 + 2c3 - ci = 4(1 - 6')2. Kt then 
writes 

Y^(re* + 46(1 - 9)^ - 4re* / 46*2 - re* 
Kt = — 



re^ + 49(1-6) y 4(1 - 6')2 - re* 

4. ONE-PARAMETER MEASURES FAMILY AND ORTHOGONAL POLYNOMIALS 

Let be a measure on the real hne which is not supported by a finite set. Assume 
that |U has finite moments of all orders. Applying the Gram-Schmidt orthogonoliza- 
tion method to the basis (1, x, x^, . . . ), there exist a unique family of monic orthogonal 
polynomials with respect to /x, say {Pn)n>o- These polynomials satisfy the three-terms 
recurrence relation 

(x - a„)P„(x) = Pn+i{x) +a;„P„_i(x), n > 0,P_i := 0. 

where a„ € M, u)„ > 0. {an,ijJn)n>o are called the Jacobi-Szego parameters of fi. It is 
known that is symmetric if and only if = 0, n > 0. Another way to derive the 
family {Pn)n is the multiplicative renormalization method ( [3] , [1] , [5] , [6]) that we shall 
recall here : a nice function (n, x) i^{u, x) is a generating function for the measure fi 
if ip has the expansion 

i/j{u, = ^ c„P„(x)n", Cn G R 

n>0 

where Pn are orthogonal with respect to /i. Of course, there is more than one generating 
function corresponding to a given measure and in order to claim whether a function is a 
generating function or not, authors in ^ provided a necessary and sufficient condition. 
For a particular form of tp which fits our need, their result is formulated as follows: 

Theorem 4.1. Define 

■= Xt^^(^")' ■= iil-ux'il-vxf^'^'^- 

Let p analytic around such that p{0) = and p'(0) 7^ 0. Then 

/ N (1 — p(u)x)~^ 

is a generating function for p if and only if 

9{p{u),p{v)) 



^"^^'^^ - 9{p{u))9{p{v)) 



is a function of uv . 
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We will apply this result to the measures family vx, ^ £]0, 1] which is the image of 



1 ^{x+-x)ix-x.) iVX±V2^)^ 



by the map 
Then, 



X 



2x-l 
VA(2 - A) 



vx{dx) 



(2 - A) Vl 



l\-i,i]{x)dx 



vr 1-A(2-A)x2" 

Our scheme is the almost the same used in [;9J except the computation of 9{u) which fol- 
lows easily from G^^ . More precisely, authors considered the one-parameter measures 
family 



Ha{dx) 



aVT 



x^ 



rli 1 iidx, a > 0. 



a2 + (1 - 2a)a;2 

It is forward that ^i/(2-a) = almost everywhere for < A < 1 44> 1/2 < a < 1. 
Proposition 4.1. 

2- A 



Using 



e{u) = Oxiu) 



1 



1 - A + Vl 

1 



\u\ < 1 



{1 — ux){l — vx) u — v \1 — ux 1 — vx ^ 
it follows that 9{u,v) = {u9{u) — v9{v))/{u — v) from which we deduce 

Corollary 4.1. 



{u,v) = 9x{u,v) 



1 



1- A + 



u + V 



2- A 

Proof: from the definition of vx-, one writes for < u < A(2 — A) < 1: 
1 



\ — ux 



ux{dx) 



1 - u- 



2x-l ^a,i/2(Q3;) = G 



2u 



VA(2-A) + 
2u 



a/A(2 - A) 



The result follows from 



Let p{u) = 2n/(l + u^), then 



2Az(l - z) 



p{u) + p{v) 



1 + uv 

p{u)^l - p^{v) + p{v).Jl^pHu) ~ l-uv 
so that Theorem 14.11 applies and claims that 

1 - A/(2 - A)n2 



ip\iu,x) 



1 — 2ux + u"^ 
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is a generating function for ux corresponding to the polynomials 

Q^ix) = Unix) - ^^Un-2ix), , n > 0, = C/_2 := 0. 
Using the recurrence relation 

(3) 2xUn{x) = Un+i{x) + Un-i{x), U-i := 0, 

These polynomials satisfy 

2xQ^{x) = Q^{x) 

2xQ^{x) = Q^(x) + (^1 + ^) Q^(x) 

2xQ^{x) = Q^+i(x)+Q^_i(x),n>2. 

Setting Q^i := and since the coefhcient of the leading power in Q^ix) is 2", then 
one deduces that the Jacobi-Szego parameters are given by : an = 0, n > 0, wi = 
1/(2(2 - A)), Wn = 1/4, n > 2. 



Remark. In [10], authors characterize the absolutely continuous measures for which the 
multiplicative renormalization method is applicable with the generating function given 
by ([21) • They derived a two-parameters densities family written as 



^("^ = n[b- + 2b^L^+ (1 - 2c)x^ ] |6|<l-c,0<c<l. 
These densities fit the image of absolutely continuous part of ^A,e by the map 

'""^^[-1,1] 



d 



with d = d{X, 6) = x+ - X- = A9y/X{l-e){l- Xe), , s = s{X, 6) = x+ + x- = 20(1 + 
A - 2A6I). One gets 

. , ^ _ _^ 

'^xA^x) - 2^^^ _ ^ 2^^^ _ _ ^^^^ax 

which provides the following relations 



As a result, one can derive the correponding orthogonal polynomials for A g]0, 1],^ < 
1/(A + 1) from the generating function ([lOj): 



12 
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5. MORE ORTHOGONAL POLYNOMIALS 

Consider the polynomials defined by 

P^{x) = Unix) - 2a{\)Un-i{x) - Un-2{X), U^l = := 
with generating function 

, , l-2a{X)u-u^ ... 1-A ^ 

i-2xu+u^ ' ''^^^ = w^y 

The P^'s appear in p^j as a limiting case of the g-Pollaczek polynomials. The coefficient 
of the highest monomial is equal to 2"'. Using ([3]), one deduces that 

2[x - aiX)]P,\x) = P,\x) 

2xP^{x) = P^{x) + 2P^{x) 

2xP}:{x) = P„V(x)+P^i(x), n>2. 

Thus the Jacobi-Szego parameters are given by oq = and a„ = for all n > 1 and 
oji = 1/2, ojn = 1/4, n > 2 {P\ = 0). 

One can use Theorem 14.11 to determine the probability measure, with respect to 
which the P^s are orthogonal. Since ao 7^ 0, then ^\ is not symmetric. Indeed, keeping 
the same function p previously defined, then the function 9 must be equal to 

^^^("^^ = 1 - MX) - 

so that 

e(u) = ^ 

V 1 — — a(A)ii 
From the definition of 0, one deduces that 



JrU-x u \uJ 



u2 - (l + a2(A)) 



for \u\ > 1, u ^ iby^l + a(A)2. Thus, has two atoms a± at ± Y^a2(A) + 1 and an 
absolutely continuous part given by 

1 



a± = - lim y'^G^^ (±\/ a2(A) + 1 + iy), g{x) = lim "^G^^lx + iy) 

Using that the Cauchy transform maps C+ to C^, one finally gets 



a(A) ^ , , , 1 



X 



2 



Va2(A) + l V«'W+i^ ' ^a2(A) + l-x2 I^K^ 
Remark. To see that this defines a probability measure for A 7^ 1, it suffices to write 



1 , 1 

rOX = — / ^ , , , : rdx 



vr 7_i a2(A) + 1 — x2 vr \/a;('^^(A) + 1 — x 

1 p ( ]. 1 

~ 2(^2(AyTl) V' 2 ' ^' a2(A) + 1 
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where 2^1 denotes the Gauss hypergeometric function given by 
2Fi{e,b,c]z) = [\^-^{l-xy-^-\l-zx)-^dx, A 3?(c - 6) > 



i-{i-zy-^ 

{l-b)z 



mnc-b) J, 

for \u\ < 1. Then, one uses the identity 



2Fi{l,b,2;z) 



to get 



a2(A) + l-x2 ^a2(A) + 1 

6. One mode Interacting Fock space 

In the sequel, we give a reahzation of I'xfi, image of the spectral measure fix,e for 
A g]0, 1], ^ < 1/(A + 1) so that the support is [—1, 1]. In the quantum scope, it is known 
as the quantum decomposition of i^a,6»- We only need the Jacobi-Szego parameters in 
order to apply Accardi-Bozejko Theorem ([T|). We first write down from the generating 
function ^ the orthogonal polynomials (see |TU]) corresponding to ux g: 

Qi^^ = Un- 2bUn-l + (1 - 2c)Un-2, U^l = U^2 = 0, 

where b = b{X,9),c = c{X,9) are given by It follows that oq = b,an = for 

n > 1 and uJi = c/2,a;„ = 1/4 for n > 1. In order to use Accardi-Bozejko Theorem 
([I])) we shall introduce the so-called one-mode interacting Fock space: let W be a one 
dimensional separable complex Hilbert space ~ C. Then the n-th tensor product 7^®" 
is one dimensional: indeed zi ® • • • (8) Zn = (zi . . . z„)l (g) • • • ® 1 G C<I'„. The one- 
mode interacting Fock space associated to ux^e is defined as r(C<I>„, (A^)) as the infinite 
orhogonal sum of C<^„ equipped with the weighted scalar product 

{Zi^n, Z2^n) ■= KziZ2, Zi,Z2 € C, 

where A„ = wi . . . ujn- Then vxfi is the vacuum distribution (in the vacuum state $i) of 
any extension of the operator a'^ + a + ajy where 

a'^^n = ^n+i (creation operator) 



a^n+i = ^n+i^n = CL^i = 0, (annihilation operator) 

An 



N^n = n^n (Number operator), aa~^^n = —r-^^m 

An 

and On is defined by the spectral Theorem, that is a^^n = Oin^n- 

Remark. The concept of one mode interacting Fock space (IFS) is purely algebraic as 
the reader can see from pQ and is fully characterized by both the commutation relations 
between creation and annihilation operators and a^i = 0. The most important feature 
of Accardi-Bozejko Theorem is illustrated in the canonical isomorphism between one 
mode IFS and the L'^-space of a given measure fi of all order moments. It is noteworthy 
that only the w^s are involved in the commutation relations (thus in both one mode IFS 
and L'^{fi)) while the OnS reflect only the symmetry of fi. 
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